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This study investigates the application of Fuzzy Time Series (FTS)
methods in forecasting the Bitcoin market. FTS methods have gained
significant attention due to their simplicity, adaptability, forecasting
precision, and computational efficiency. They generate interpretable
representations of time series patterns, enabling knowledge transfer,
auditability, reusability, and upgradability. The study specifically
focuses on time-invariant rule-based FTS techniques, namely the
conventional First-Order FTS (Song and Chen) and Weighted First-
Order FTS (Yu) models. The research rigorously evaluates and
compares the predictive performance of these methods across a range
of accuracy metrics. Additionally, the article expands the
understanding and application of FTS methods in cryptocurrency
forecasting. Through comprehensive experimental evaluations and
statistical analyses, it uncovers insights into the strengths, limitations,
and potential areas for improvement of these FTS approaches. By
highlighting their comparative accuracy and computational efficiency,
the research contributes to the existing studies and provides practical
recommendations for researchers and practitioners in the
cryptocurrency domain.
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Introduction

Accurately predicting future events or phenomena holds immense
significance in numerous scientific, engineering, medical, economic,
and other domains. The process of forecasting serves as a potent tool
for drawing meaningful inferences about future conditions and values
based on historical and present information. As a fundamental
objective of time series analysis, forecasting encompasses a broad
spectrum of algorithms, ranging from traditional statistical methods to
more flexible and adaptive soft computing approaches.

Conventional methods like moving average, regression, or
exponential moving average encounter several challenges. First of all,
these methods are constrained by the assumption of linearity, which
may not hold in complex real-world systems. Additionally, these
methods lack the flexibility to incorporate linguistic variables or
expert opinions, limiting their applicability in capturing nuanced
aspects of the data [10, 39, 47, 59].

To overcome these limitations, alternative approaches have emer-
ged, offering more robust and versatile forecasting methodologies.
Soft computing techniques, for instance, leverage the power of fuzzy
logic, neural networks, or evolutionary algorithms to handle nonlinear
relationships, accommodate linguistic variables, and integrate expert
knowledge into the forecasting process. By harnessing the strengths of
these advanced methods, researchers and practitioners can enhance
the accuracy and effectiveness of their forecasts, enabling more
informed decision-making and planning in various fields.

Since its inception in 1965 by Zadeh [62], fuzzy set theory has
yielded substantial advancements in both theoretical underpinnings
and practical applications. The primary impetus behind the
development of fuzzy set theory lies in its ability to offer a formal,
robust, and quantitative framework for handling the inherent
vagueness present in human knowledge, as conveyed through natural
languages [22]. It is precisely due to this capability that fuzzy set
theory has emerged as a potent and cutting-edge tool, distinct from
conventional methodologies.

By embracing fuzzy set theory, researchers can leverage its unique
features to tackle the complexities associated with uncertain and
imprecise information. The underlying philosophy of fuzzy set theory
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is rooted in capturing and modeling the inherent fuzziness and
ambiguity prevalent in human cognition and linguistic expressions.
This enables the incorporation of subjective judgments, qualitative
assessments, and linguistic terms into the forecasting process, which
may be challenging or even unattainable with traditional quantitative
methodologies alone. By embracing and harnessing the potential of
fuzzy set theory, researchers can effectively bridge the gap between
human perception and mathematical modeling, providing a more
comprehensive and accurate representation of real-world phenomena.

With the increasing application of fuzzy set theory in diverse
domains such as decision-making, planning, economics, logical
reasoning, systems theory, artificial intelligence, control theory, and
others, scholars have extensively explored and presented realistic
problems alongside corresponding  methodologies.  Unlike
conventional time series analysis, which operates on real numbers,
fuzzy set-based time series F(t) comprises a collection of time-
indexed fuzzy linguistic terms f;(t), f5(¢t), ..., f,,(t), offering
significant capabilities to handle the inherent uncertainty and
ambiguity associated with data collection.

Recent years have witnessed a growing interest in fuzzy logic
approaches to financial analysis and forecasting. Fuzzy Time Series
(FTS) methods, as multiple studies have highlighted their favorable
accuracy. FTS methods, belonging to the realm of soft computing,
facilitate the generation of data-driven, non-parametric, easily
interpretable models for analyzing and forecasting time series.
Notably, these methods possess several advantages, including
computational efficiency, simplicity, interpretability, and cost-
effectiveness, without the need for extensive datasets as required by
statistical and deep learning models.

Analysis of recent research and publications

For financial time series prediction, artificial intelligence tools are
often used, which include as machine learning methods [16-18, 29,
34, 36, 44, 56, 57], the principle of operation of which is based on
identifying patterns without the use of expert knowledge about the
processes under study, as well as Al tools, which are based on priori
established information about existing functional dependencies [33,
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39, 40]. Noteworthy is the original approach to modeling financial and
economic indicators [30, 32, 40, 41] using Kohonen self-organizing
maps. Here, based on key features, vectors of input data describing the
modelling objects or processes are initially segmented into a number
of clusters, each of which combines observations according to their
similarity. Next, for each cluster its own forecast model is built, or the
cluster corresponds to a certain class of changes in the indicator under
study (for example, decline, flat, growth, etc.). lvanchenko and
Vashchaiev [28] presented a study on the dynamic evolutionary
processes of trophic relations among enterprise populations.
Bifurcation analysis of mergers and acquisitions dynamic modes,
utilizing Kohonen self-organizing map for pattern recognition,
categorizes enterprise life cycle phase portraits into five classes.

Kmytiuk and Majore [31] used recurrent neural network models
for forecasting, specifically EIman and Jordan architectures, in order
to level out the negative impact of high levels of nonlinearity and
nonstationarity, noise, the presence of irregular trends, jumps, and
anomalous emissions inherent in time series. Olivares et al. [42]
enhanced the Neural Basis Expansion Analysis (NBEATS) by
incorporating exogenous factors, resulting in the NBEATSx method.
The proposed deep learning neural network offers interpretability,
allowing the structural decomposition of time series and visualization
of the impact of trend, seasonal components, and interactions with
exogenous factors. The work [45] introduces TimeGrad, an
autoregressive denoising diffusion model for multivariate probabilistic
time series forecasting on real-world data sets with thousands of
correlated dimensions.

The paper [18] proposes a solution to the problem of the short-
term forecasting of trend movements of stock indices using deep lear-
ning approaches (in particular, RNNs based on cells of LSTM, CNNs,
stacking CNN-RNN, and MLP as benchmark). Here, CNN allows to
automatically extracting features and hidden patterns from the data,
which are pass to the input of the block LSTM for making prediction.

Another deep learning architecture was developed in the study [64]
to address issues of long short-term forecasting by introducing
Informer, an efficient transformer-based model with more efficient
self-attention mechanism and generative-style decoder for faster
inference of long time-series sequences.
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As mentioned above, the second type of Al tools that are used to
forecast financial indices, based on priori established information
about existing functional dependencies. This empirical knowledge
forms the basis of various kinds of expert systems, and primarily, as
regards artificial intelligence, fuzzy inference systems. Since such Al
systems are based on formalized representations of linguistically
specified knowledge and data, they are called semantic.

An example of the implementation of this approach is presented in
article [39], where the forecast for the development of stock market
indicators was obtained using fuzzy logic tools, the rule base of which
was formed on the basis of Elliott wave theory. In the paper [40] a
fuzzy inference system was built for forecasting foreign direct
investment, the optimization of which was carried out on the basis of
a set of characteristic indicators of countries selected as a result of
clustering using the Kohonen map into one homogeneous group.

An equally interesting concept is multivariate FTS, which allow us
to capture multidimensional fuzzy relationships between each of the
variables under consideration. Chen and Chang [12] proposed a new
method for multivariate forecasting, employing fuzzy clustering and
rule interpolation techniques. The method involves constructing
training samples based on variation rates, utilizing fuzzy C-means
clustering to form fuzzy rules, assigning weights to these rules based
on input observations, and employing a multiple fuzzy rules
interpolation scheme for predicting output. Bitencourt et al. [7]
considered the difficulties of multivariate FTS when dealing with
multivariable non-stationary datasets. They presented new approach,
which considers projecting the original high-dimensional data into
low-dimensional representation with subsequent FTS application.

The paper [23] introduced a hybrid approach for analyzing
seasonal FTS using novel partial high-order bivariate fuzzy time
series forecasting model. The study [24] presented a method for
determining fuzzy relationships without relying on fuzzy logic
relation tables. Instead, a feedforward artificial neural network is used
for this purpose. Thesis [14] introduced scalable FTS methods for
point, interval, and probabilistic forecasting of mono and multivariate
time series, considering one to many steps ahead. The discussion
covers parameters, hyper-parameters, and fine-tuning alternatives.

The work [21] proposed a methodology to address the issue of
high-dimensional data by projecting it into a low-dimensional
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embedding space using Kohonen self-organizing maps. Subsequently,
the weighted multivariate FTS method is employed for rule discovery
and forecasting. Singh and Borah [48] introduced a hybrid model
merging fuzzy time series theory with artificial neural networks. To
enhance forecasting accuracy, a “Re-Partitioning Discretization”
approach is employed to determine effective interval lengths in
historical time series data. High-order fuzzy relationships are utilized
to improve forecasting precision. The model avoids using current
state’s fuzzified values for prediction, enhancing predictive skill. The
proposed model incorporates an artificial neural network-based
architecture to defuzzify time series values.

Paper [55] employed fuzzy sets and a multivariate FTS method for
predicting future prices of the Chinese stock index. By integrating
traditional FTS models with the rough set method, the data is
discretized using the fuzzy C-mean algorithm. Rules are initially
formed in mature modules of the rough set and then refined using data
mining algorithms. The study [61] applied neural networks to enhance
FTS forecasting, introducing bivariate models for improved accuracy.

Some of our previous studies considered approaches of complex
systems science for the construction of indicators-precursors of crash
phenomena [4]. Here [2, 5, 6, 49, 51], we have demonstrated the
possibility of constructing indicators of crash events on the basis of
the theories of complex networks, non-extensive statistics, and
information entropy approaches in combination with fuzzy logic
theory. We have shown that corresponding indicators behave as
precursors of crisis events in cryptocurrency and stock markets. In one
of our studies [50], we have applied chaos theory methods to the Dow
Jones Industrial Average Index.

The focus of the study [3] was to measure the varying irreversi-
bility of the stock market. Therefore, we have applied measures of
irreversibility (asymmetry) such as Guzik index, Porta index, Costa
index, indices that are based on complex networks measures and
permutation patterns, and, moreover, we have included multiscale
time irreversibility index to estimate the degree of irreversibility in
financial market. We have shown that the corresponding measures can
serve as indicators-precursors of financial crisis states. The
disadvantage of our approach is that we can only use indicators to
measure the complexity of the dynamics we had before or now. We
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can make inferences about what might happen in the future, but the
methods mentioned above are not responsible for extrapolating the
price of a cryptocurrency or a stock index. Therefore, in this paper we
would like to start by analyzing old but time-tested approaches that
may have synergy with our indicators in the long run.

In the subsequent sections of this article, we delve into the
fundamental principles and methodologies of fuzzy set theory,
elucidating its key concepts and applications in the context of
forecasting. Through empirical investigations and comparative
analyses of Bitcoin market forecasting, we demonstrate the efficacy
and advantages of employing fuzzy set theory as a powerful and
versatile tool for predictive modeling.

Before we begin to explain the key idea of FTS and predictive
algorithms based on them, we will introduce and explain several key
concepts that form the basis of FTS. More specifically, we will start
with the definitions of the universe of discourse (UoD) and the
membership function.

Universe of discourse

The universe of discourse encompasses the entire range of values
observed in the data: U = [min(Y), max(Y)].

Although this study focuses on time-invariant methods and
stationary time series Y, it is crucial to acknowledge that the testing
data U may exhibit slight variations compared to the training data.
These variations can arise due to factors such as outliers, which
cannot be entirely disregarded even in stationary processes. To
accommodate these fluctuations and facilitate the fuzzification
process in the forecasting procedure, it is common practice to include
a confidence margin that exceeds the upper and lower bounds. In this
study, the UoD is established as U = [min(Y) — 0.2 - |min(Y)]|,
max(Y) + 0.2 - [max(Y)]], exceeding the boundaries by 20%.

By accounting for the fluctuations in the boundaries of the known
data U, the forecasting model becomes more robust and adaptable,
capable of handling unforeseen variations in the testing data.
Consequently, the exceeded margins enhance the overall accuracy and
resilience of the forecasting methodology.
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Membership function

Once U has been defined, three hyperparameters will determine the
creation of A: the number of partitions (fuzzy sets) k, the membership
function u, and the partitioning scheme. The membership function
u:U = [0,1] defines how much a crisp value belongs to
corresponding fuzzy set, in terms of the membership grade [0, 1].
Some options of fuzzy membership functions are shown in Table 1.

Table 1
MOST COMMON FUZZY MEMBERSHIP FUNCTIONS
Type Parameters Definition
(0 if x<a
) [x—a .
a: lower bound, if a<x<b
Triangular | b: mid-point, u(x,a,b,c) = 4 :,‘3
¢: upper bound Ic—b if b<x<c
k 0 c<x
it x<a
( 0 if
11X —
a: lower bound, | b if a<x<b
Trapezoidal b: top-left (x,a,b,c,d) = 4 I if h<x<c
¢: top-right, H | g — =
d: upper bound | - if c<x<d
\ 0 if d<x
. m: midpoint, (x — m)
Gaussian o sprez?d ulx,m,o) = exp( )
) m. mideint, u(x, m,o) =
Bell-shaped & spread 1+ (x _ m)z
o

A combination of trapezoidal and triangular functions has been
also considered for modeling fuzzy time series [8, 39]. However,
since the mentioned membership functions are composed of straight
line segments, they are not smooth at the corner points specified by
the parameters. Therefore, smooth and non-linear Gaussian and bell-
shaped membership functions have been adopted as well, by
considering midpoint and spread as their parameters.
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It is worth notions that in comparison to the other factors, member-
ship function has less effect on the forecasting accuracy, which will be
demonstrated empirically later on this work, but the proper choice of
u can directly impact on the readability and explainability of the
model. In addition, the parameters of the membership functions can
change when tuning the model on the training set.

In addition to the mentioned membership functions, which are
more common, some references developed different FTS methods
applying other types of fuzzy set membership functions, including
picture fuzzy sets and picture fuzzy clustering [25], type-2 fuzzy sets
[1, 38, 43], hesitant differential fuzzy sets [20], non-stationary fuzzy
sets [13, 20] and so on.

Fuzzy time series idea

This section provides a concise overview of fuzzy time series,
drawing insights from [52, 53]. One fundamental distinction between
fuzzy time series and conventional time series lies in the nature of
their values. While conventional time series consist of real numbers,
fuzzy time series incorporate fuzzy sets [62], which can be thought of
as classes with flexible boundaries.

The definition of fuzzy time series can be formulated as follows.
Consider a conventional time series Y = {y(t),t = 1,2,3, ...} defined
on the universe of discourse U. Upon UoD we define k fuzzy sets f;,
j=1,..,k, each of which is described by its own membership
function Hr;- The group of fuzzy sets f; constitutes the linguistic

variable A [63], which, by language elements, such as words and
phrases, describes the base variable (in our case, “Bitcoin exchange
rate”). So, each fuzzy set can be denoted by the linguistic term T;,
j=1,.., k. Terms can represent, for example, “high”, “medium”,
“low” Bitcoin exchange rate, or “rise”, “flat”, “fall” if the linguistic
variable is “Change in Bitcoin exchange rate”.

Fuzzy time series F(t) is the collection of fuzzified sets of Y:
F(o) ={f;(t),j =1,..,k}, t = 1,2,3, ... According to [52], F(t) can
be understood as a linguistic variable with own fuzzy values f;(t),
j =1,..., k. Since across the time the values of F(t) can be different,
F(t), as a set of fuzzy sets, is a function of time t. Moreover, the
universes of discourse can be different at different times [52].
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So, the distinguishing mark of fuzzy time series is that their values
are fuzzy sets, while the values of ordinary time series are real numbers.

The linguistic variable A and a knowledge representation of the
time series dynamics compose the FTS model. The main components
of the training method of fuzzy model are listed below:

1. Partitioning: The most important process of the training is
executed, the partitioning. This process is responsible to split the
universe of discourse U into k fuzzy sets f; with correspondent
membership functions Hr;. Each fuzzy set f; characterized by own

linguistic term T; of the linguistic variable A used to describe Y. There
are many ways that the partitioning can be performed. In this study,
we partition UoD into sets with an equal length.

2. Fuzzification: The original time series data Y is transformed
using the chosen membership function (Gaussian) into a linguistic
representation, the fuzzy time series F(t), where each y(t) €Y is
presented by a set of fuzzy sets F(¢) = {f;(t),j = 1,...,k}. When
forming a fuzzy time series, to the value of the original time series
y(t) is assigned a special formed vector A; of membership values at
discrete points of the fuzzy set f; with the largest value of the

membership function ur (y(¢)) at time t:

y(&) = 4 | ur, (y(®) = max{ur, (y(©)), -, ur, (v ()} (1)

3. Knowledge Extraction and Representation: The knowledge
extraction phase involves the generation of the knowledge model,
which represent temporal fuzzy transitions in the studied series.

After defining the linguistic variable A and learning the FTS
model, it becomes possible to generate a forecast y(t + 1). The
essential components of the forecasting process are outlined below:

1. Fuzzification: Following the training procedure, the process of
fuzzification is applied to the initial data using the same framework.
This step, detailed in the following sections, involves converting the
data into fuzzy sets for subsequent determination of the most likely
transitions at the next point in time to some level of the predicted
indicator, described by the corresponding linguistic term.

2. Rule Matching: The aim of the rule matching procedure is to
produce F(t+ 1)- candidate fuzzy sets (and other additional
information, as weights) to represent the future crisp value y(t + 1).
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3. Defuzzification: Once F(t + 1) is generated, the defuzzifica-
tion process is employed to transform the fuzzy representation into a
precise numerical estimate, denoted as y(t + 1), which corresponds
to the approximate value of y(t + 1).

The main procedure of model training and forecasts generation is
presented schematically in Fig. 1.

Step 1: Partitioning Step 2: Fuzzification Step 3: Knowledge Extraction

Az

ISR | — = 12 AT
Ay —= Ay A
3
'Ir\ _f\ 2 Ay —a Ay A;'/
2 e ~ [ 17 A
E U | 3 4' |* Ag— Ay A3< 4
-] / v v Ay— A5 Az
/ ’/‘ As—= A, M Ay
JUUR A NPV (| - | *§4_
| [} | t Ay —= As As
U = [min(Y), max(Y)] Fuzzysets: A A
As =T
FRLs FRLG
Step 1: Fuzzification Step 2: Rule Matching Step 3: Defuzzification
Y
Az
s I AT
o "l/\‘ () -"l:/r ’ 2
£ — W AcFL > f() = As . =
% | it ,1,‘<: < E
o i - 3
5 /I < - Az 5
B Fit+1
R Ve . N rd B
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i Ay Ag et g
t
A a
A
a7
FRLG

Fig. 1. Training and Forecasting Procedures for Time Invariant FTS [15]

Song and Chissom matrix-based method

In their seminal work, Song and Chissom [53] introduced the
utilization of a Fuzzy Relationship Matrix to capture the temporal dy-
namics within the fuzzy time series. This approach involves grouping
sequential pairs F(t —1),F(t) into Fuzzy Logical Relationships
(FLR). Each FLR represents a fuzzy rule that describes a specific tem-
poral pattern, namely f;(t — 1) — f;(t) or A; » A; (or, equivalently,
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F(t —1) = F(t)). Here, the Left Hand Side (LHS) of the rule,
referred to as the precedent, denoted as A;, represents the fuzzified
historical value at time t — 1. Conversely, the Right Hand Side (RHS)
of the rule, known as the consequent, denoted as A;, represents the
fuzzified value of the predicted indicator at time t. Thus, the rule
A; - Aj can be interpreted as “if y(t — 1) is 4;, then y(¢) is 4;”.

Suppose, that we can obtain fuzzy logical relationships: A; — A4;,
Al - A, A, > A;, A3 - Ay, Ay - Ay, Ag — A, and Ay - A,
where A;, A,, ... , A, are the row vectors

A = {pr, ) 1,2, o i, (V1) ), i=1,..7 (2

which are the sets of membership functions of corresponding discrete
fuzzy sets

_ #Ti(}ﬁ) + #Ti(YZ) 4ot .UTL-(Y7),

fi V1 V2 Y7

where pr,(y;) is the membership function of set f;, which indicates the
degree of membership of y; to f;, denoted by the term T;; y;, j = 1, ...,7,
are discrete points of the predicted variable y(t) on the UoD [52].

Suppose A and B are row vectors of dimension k and
D = (d;;) = A™ x B, where “X” is the Cartesian product of two fuzzy
membership sets. The element d;; of matrix D at row i and column j
is defined as d;; = min(4;,B;) for i,j = 1, ..., k, where 4; and B; are
the i-th and j-th elements of A and B.

So, for proposed fuzzy logical relationships let R, = AT x A,
R,=ATxA,, R;=AYxA4;, R,=AYxA,, Rs=A]xXA,,
Ry = AL X A;, R, = AL x A,. Fuzzy relationship matrix can be
defined in the following way:

R(t,t—1)=R=URi, 4)

where R is a 7 x 7 matrix and U is the union operator. Using R, the
forecasting model can be defined as
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A] :AioR, (5)

where A; is, as an example, the Bitcoin closing price on day t — 1,
and 4; is the forecasted Bitcoin closing price on day t.

Chen rule-based method

Chen model is recognized as one of the conventional approaches
known for its simplicity in calculations and improved forecasting
accuracy [11]. To illustrate its usage, we present the following step-
by-step procedure:

Step 1: Defining the UoD and intervals for observations.

Step 2: Defining fuzzy sets for observations.

Step 3: Fuzzifying observations.

In this step, each price value is mapped to a corresponding fuzzy
set. Following the approach in [11, 54], a value y(t) is fuzzified as A;
if the fuzzy set f;(t) exhibits the maximum degree of membership in
the set of fuzzy sets F(t) (1).

Step 4: Establishing FLRs.

To establish FLRs, we pick consecutive pairs of fuzzy sets: (Al- - A]-).

Step 5: Establishing fuzzy relationships.

FLRs sharing the same LHSs can be grouped into an ordered FLR
group. This grouping is achieved by combining all the RHSs of the
FLRs into the RHS of the FLR group [11]. For example, FLRs such as
A; = Aj, A; > Ajp, ..., A; = Ajg can be grouped into a fuzzy group
A; = Aj1, Ay, .., Ajg. As a result, repeated FLRs are counted only
once [11, 52, 54].

Step 6: Forecasting.

Assuming F(t —1) = A;, the forecasting procedure determines
the value of F(t) according to the following rules:

Rule 1: If A; has no subsequent LHS, the forecasted value is equal to A4;.

Rule 2: If A; > A1, Aj, ..., Ajy, then the next value of F(t) is
equal to Ay, Ajp, ..., Ajg.

Step 7: Defuzzification.

Often, it is desirable to obtain numerical values instead of fuzzified
values. If F(t) = Ajy, Aj,, ..., A;y, the defuzzified result is calculated

as the arithmetic average of the midpoints of 4;, 4,, ..., 4;4 [11]:
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g
szl mjp

y) =—— (6)

where y(t) is the resulting forecast at time ¢, and m;,, is the midpoint
of membership function u;,, of a fuzzy set 4;,.

The application of Chen FLR group models provides a concise and
easily interpretable depiction of the behavior exhibited by time series
data through the use of fuzzy rules. This property holds the potential
to benefit not only business experts but also researchers involved in
knowledge extraction, as exemplified by Lee et al. [35]. However,
beyond the enhanced interpretability, there exists another compelling
reason to favor Chen model over the Song and Chissom approach:
performance.

The size of the relation matrix in the Song and Chissom model
increases proportionally to the number of partitions (obtained fuzzy
sets) in the universe of discourse. This growth of the number of the
fuzzy sets poses a significant increase in the dimensionality of the
obtained FLR group, which can negatively impact the computational
efficiency when dealing with large datasets in the forecasting process.
In contrast, Chen FLR group models offer an advantage in this regard.
By employing a compact representation and utilizing fuzzy rules,
Chen models mitigate the curse of dimensionality, thereby alleviating
the computational burden associated with forecasting tasks involving
extensive datasets.

Thus, in addition to their human-readable representation, Chen
FLR group models demonstrate superior performance in terms of
computational efficiency, making them a favorable choice for forecas-
ting applications, particularly when confronted with large datasets. By
minimizing the impact of the curse of dimensionality, Chen models
enable expedited and more practical forecasting, enhancing the overall
effectiveness and scalability of the methodology.

Yu weighted-based rule method

The process of generating FLR groups from the fuzzified data
within the FTS model presents two notable limitations: the loss of rule
recurrence and the disregard for chronological order. Consequently,
during the forecasting process, a highly recurrent pattern in the data holds
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the same significance as a unique occurrence pattern. Additionally,
both newer and older patterns are assigned equal weight in the forecast.

Furthermore, the omission of repeated FLRs in the establishment
of fuzzy relationships can have significant implications on the
accuracy and reliability of the forecasting process. By neglecting the
recurrence and chronological order of rules, valuable information
regarding patterns and trends within the data may be overlooked,
leading to suboptimal forecasting outcomes.

To address this limitation, it is crucial to develop approaches that
preserve the recurrence and chronological order of rules within the
FLR group generation process. By considering the repeated FLRs and
their sequential arrangement, the forecasting model can capture and
leverage the temporal dynamics and recurring patterns present in the
data, resulting in improved forecasting performance.

In this section we describe old but efficient method [60] that takes
into account the recurrence and chronological order of FLRs when
constructing the FLR group. This approach aims to enhance the
accuracy and effectiveness of the forecasting process by incorporating
valuable information from both repeated and unique patterns, while
appropriately considering the temporal aspects of the data. In previous
studies [11, 14, 26, 27, 52, 54], the presence of repeated FLRs was
simply overlooked when establishing fuzzy relationships. To elucidate
this point, we refer to the FLR group [11] as an example:

(t=1) A -4,
(t=2) A;—>A;
(t = 3) A3 - A3, (7)
(t=4) A3 A,
(t=5) A, A4;
(t=6) A; - A;.

In (7), three out of six FLRs have the same LHS — A;. We can pick
out those FLRs in the following equation:

(t=3) A; - A4,
(t=4) A; - A, (8)
(t=6) A;—> A;.
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Following [11], these FLRs in (8) are used to establish such FLR
group as

A3 - A3l A4—' (9)

When considering the FLRs in (8), instances of identical FLRs are
treated as if they were a singular occurrence. Put simply, repeated
occurrences of the same FLRs are disregarded in (9).

However, the decision to ignore recurrence raises legitimate
concerns. Each occurrence of a specific FLR reflects the frequency of
its appearances in the past. For instance, in (8), A; — A5 appears two
times, whereas A; — A, appears only once. The recurrence of FLRs
can provide valuable insights into their potential future occurrences.

By neglecting the consideration of recurrence, valuable informa-
tion regarding the frequency and temporal dynamics of FLRs may be
overlooked. This omission may hinder the ability of the forecasting
model to accurately capture the patterns and trends within the data.

To address this limitation, it is imperative to incorporate the
concept of recurrence into the forecasting framework. By
acknowledging and utilizing the recurrence of FLRs, the forecasting
model can more effectively capture the likelihood and potential
impact of future FLR occurrences. This consideration of recurrence
empowers the model to make more informed predictions and improve
the overall accuracy of the forecasting process.

Subsequently, we present an approach that accounts for the
frequency and past occurrences of FLRs. This method aims to
enhance the forecasting model’s capability to capture and leverage the
recurrent patterns within the data. Hence, the weighted method
suggests to cover all of the FLRs:

As = Ay Ay, As. (10)

The consideration of recurrence becomes crucial in weighted models
when analyzing FLRs. Each FLR’s recurrence should be acknowledged
and accounted for, leading to the assignment of distinct weights for
FLRs with varying recurrences. Determining appropriate weights based
on the chronological order of FLRs emerges as a viable approach.

In practice, FLRs from different time slots are often perceived as
differing in importance. One possible method involves attributing
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higher weights to recent FLRs, considering them more significant than
older ones. This approach acknowledges the temporal dimension and
the potential evolving nature of FLRs, allowing for a more nuanced
and contextually relevant interpretation of their impact on the
forecasting process.

By assigning weights based on the chronological order of FLRs,
the weighted models can better capture the dynamics and relevance of
FLRs over time. This approach aligns the forecasting methodology
with the natural progression of events, where recent occurrences are
more likely to hold greater influence than older ones. Through this
weighting scheme, the forecasting model can effectively adapt to
changing patterns and prioritize the most pertinent and up-to-date
information in making accurate predictions.

In this section, we describe Yu method for the construction of the
weighted FLRs. By incorporating this temporal weighting scheme,
this method aims to enhance the forecasting model’s ability to capture
the evolving importance of FLRs and improve the overall accuracy
and relevance of the forecasting process.

To apply the chronologically-determined weights, we can simply
assign different weights for each FLR incrementally, say 1, 2, and 3:

(t=3) A; - A; withweight1,
(t=4) A; - A, withweight2, (12)
(t=6) A; - A; with weight 3.

As a result, the most recent FLR (t = 6) is assigned the highest
weight of 3, which means that the probability of its appearance in the
near future is higher than for previous FLRs. The most aged FLR
(t = 3) is assigned the lowest weight of 1, which means that the
probability of its appearance in the near future is lower than in the
case of the others.

Various weight schemes can be employed for both domain-based
and chronologically-determined weightings. It can be emphasized that
the models used in previous studies (without explicit weight
specifications) can be regarded as instances where equal weights are
assigned. Thus, the weighted models represent a broader and more
inclusive framework that encompasses these previous models.

To address the limitations of conventional fuzzy time series
models, we propose weighted fuzzy time series models as an
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extension. These weighted models introduce modifications to specific
steps within the conventional framework. In particular, Step 5
undergoes revision to address the recurrence issue, ensuring that the
impact of repeated patterns is properly considered. Step 6 remains
unchanged as it represents the existing defuzzification process.
However, Step 7 is modified to accommodate the handling of the
defuzzified matrix in light of the weighted approach. Furthermore, the
weighted models introduce two additional steps: Step 8, which
focuses on the assignment of appropriate weights, and Step 9, which
calculates the final forecasting results.

By incorporating these modifications and additions, the weighted
fuzzy time series models offer a more comprehensive and refined
methodology for capturing and leveraging the inherent dynamics and
characteristics of the data. Below, we delve into the details of the wei-
ghted fuzzy time series models, elucidating the specific modifications
made to the conventional framework and showcasing the benefits and
enhanced performance they bring to the forecasting process.

Step 5: Establishing fuzzy relationships (revised).

To account for recurrent FLRs, a revision is made to Step 5 within
Chen model. In this context, we refer to the example presented in (7),
where multiple fuzzy relations exhibit different linguistic terms on the
LHS, specifically A; and A,. As a result, we establish the following
FLR groups: A; = A, and A, — A;.

Additionally, within (7), there are three FLRs featuring the same
LHS, namely A; —» A5, A; = A,, A; = A;. These FLRs are utilized
to form another FLR group, as demonstrated in (10): A; — A3, A4, A5.

Step 6: Forecasting.

Given that F(t — 1) = A, the forecast for F(t) will be A,. This
forecast pattern continues for subsequent FLRs: when F(t — 1) = A4,,
the forecast for F(t) will be A;. However, if F(t —1) = A3, the
forecast for F(t) will consist of the fuzzy group A5, A,, As.

Step 7: Defuzzification (revised).

When carrying out defuzzification of F(t), we use the matrix of
midpoints M(t) = [mjl,mjz, ...,mjg] of fuzzy sets’ membership
functions of RHS of the corresponding FLR group.

Accordingly, for F(t —1) = A,, the midpoint matrix will be
defined as M(t) = [ms], since F(t) = A;. If F(t) = A3, A,, A5 In
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case of F(t — 1) = A3, then the corresponding midpoint matrix will
be defined as M(t) = [m3, m,, ms].

Step 8: Assigning weights.

Let’s assume that the forecast comprises a group of different fuzzy
sets Aj;, Aj, ..., Ajg. To determine their significance for the overall
forecast, it is necessary to define weights wy, w,, ...,w,. Before con-
structing the weight matrix, the following condition must be satisfied:

g
Z wi = 1. (12)
h=1

Thus, each weight has to be standardized and the following matrix
will be formed:

W1 W, w,
W(t)=[w1’,wé,---,w§]=[ 3 ST s erag——) (13)
h=1Wh h=1Wh h=1Wh

where wy, is the weight for each A,

For the formation of the weighted matrix, an intuitive scheme of
incremental weight coefficients can be proposed. We start with
w; =1and

W; = W;_q1 + 1, [ = m (14)

Hence, the i-th item in (13) can be rewritten as

w; _Wi—1+1_(Wi—2+1)+1_
g Y] - g -
h=1Wh h=1Wh h=1Wn (15)
i i
RN =39 5
h=1Wh n=1

In this case, (13) becomes

w;y w, w,
Wi(t) = [wl’,wz’, ...,wg’] = [ 5 =g ) oG gw ]
h

h=1Wh Zip=1Wh h=1

_[ 1 2 g ]
nerh Zao k' TEp_ k]

h=1
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Therefore, if the forecast of F(t) is only one term A,, the weight
matrix is determined as W (t) = E]

In case when the linguistic variable F(t) = As, A4, A5, the weights
are specified by following the scheme (14): w; = 1,w, = 2,w; = 3.
So, the weight matrix is determined as

Step 9: Calculating results.
The final forecast is calculated as the product of the defuzzified
matrix and the transpose of the weight matrix:

o) =M@OxW®". (16)

According to our examples, for F(t) = A;

50) = fma) <[] an

and, for F(t) = A3, A, A;

12 3717

- zZ 18
6'6"6] " 19

96) = [, m,ms] x |

Empirical analysis and forecasting

In this section we test the effectiveness and robustness of the
described fuzzy models to yield accurate enough forecasting results.
Here, we propose to test the effectiveness of these methods for the
daily closing prices data of Bitcoin (BTC-USD) for the period from
January 1, 2016, to September 14, 2022. Data was obtained from
Yahoo! Finance [58].

As stated previously, data preprocessing is one of the key
components for further partitioning, fuzzification, and knowledge
extraction. Since cryptocurrency data is presented by a time-varying
time series, it is important to stabilize its dynamics, i.e., make it
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stationary. Relying on [46], we use Return on Investment (ROI),
which is the measure of efficiency of an investment:

Gains — Investment Cost
ROI = . (19)
Investment Costs

For a time series Y, we define daily ROI as follows:

y®) —yt-1)
Y& D 0

Applying (20), we work in new domain with less noisy and

volatile effects.
In our case, data is preprocessed, then initial forecast can be

obtained by the following reversing operation:

ROI(t) =

9(t) = y(t — D(ROI(®) + 1). (21)

According to (21), y(t) is forecast of the base indicator at time ¢t

and ROI(t) is the forecasted returns at time t.
Initial BTC-USD time series and its returns are presented in

Figs. 2 and 3.

—— BTC-USD
60000~

400007

Adj Close

20000¢

2016 2017 2018 2019 2020 2021 2022 2023
time, days

Fig. 2. Initial dynamics of adjusted closing prices of BTC-USD
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Fig. 3. BTC-USD adjusted closing prices returns

For further forecasting procedure, we split initial time series into
training and testing sets. Training set is used to define linguistic
variable, its fuzzy sets and membership functions and, based on them,
obtain an optimal group of fuzzy logical rules. For the training
dataset, we select 80% of the values from the entire sample. The
remaining 20% are included in the test set. The test set of data will be
used to verify the adequacy of the obtained fuzzy logic rules used in
the algorithms described above. Since the test dataset is a sample that
our algorithms did not see during training, so the metrics of model
quality on this set will have to tell how suitable these approaches will
be for further usage.

Next, we divide our universe of discourse into partitions of equal
length, on which we define fuzzy sets. In this study, according to our
estimations, we have split BTC-USD dynamics into 15 fuzzy sets
using Gaussian membership function, which are presented in Fig. 4
and Table 2. Therefore, we have obtained linguistic variable “BTC-
USD fuzzy time series” with 15 linguistic terms corresponding to their
fuzzy sets. On their basis, we determine fuzzy logical relationships
and group them.

In the case of choosing the Gaussian membership function, each
fuzzy set is determined by its mean m and variance o, which are
presented in Table 2.

178



FUZZY TIME SERIES...

A. Bielinskyi, V. Soloviev, V. Solovieva, H. Velykoivanenko

,Grid'

Fig. 4. UoD Partitioning using Gaussian membership function
for BTC time series

Table 2

DESCRIPTIVE STATISTICS OF EACH FUZZY SET
Fuzzy set m o

AQ -0.41

Al -0.36

A2 -0.31

A3 -0.26

A4 -0.21

A5 -0.16

A6 -0.11

A7 -0.07 0.02

A8 -0.02

A9 0.03

Al0 0.08

All 0.13

Al2 0.18

Al3 0.23

Al4 0.28

The result of grouping fuzzy logical relationships shown in Table 3.
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Table 3
FLRS GROUPING BY THE EXAMPLE OF CHEN MODEL

LHS RHS

Al13 A7

All A6, A7, A8, A9

A10 A10, A5, A6, A7, A8, A9

A6 A10, A5, A6, A7, A8, A9

A7 A10, A5, A6, A7, A8, A9

A8 Al, Al10, Al1, Al12, A13, A5, A6, A7, A8, A9
A9 A10, All, A12, A6, A7, A8, A9

A5 A10, All, A8, A9

Al12 A10, A13, A8, A9

Al All

By applying the described models, the forecasted closing prices of
BTC-USD from 2021 to 2022 can be evaluated. Fig. 5 shows the
results of three fuzzy prediction models for the test set of BTC-USD
closing prices.

Predictions with Fuzzy Time Series

700001

BTC-USD True, Prediction

—— BTC-USD Test

—-== Song's Prediction 1
Chen's Prediction

-==Yu's Prediction

N N N " v v o) v v
v v v v v v v Vv U
’\9 ’\9 ’19 ,19 ’19 ’19 ,19 ,1,0 ’19
time, days

Fig. 5. One step ahead forecasting for a test set of BTC-USD time series

using the Song, Chen, and Yu models
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The empirical results show that the forecast values of the three
models correlate quite closely with the true dynamics of the studied
cryptocurrency. The predictions for the Song model look a bit shifted
by a specific value. This problem could be solved by choosing, for
example, a different representation of the series rather than returns.
Nevertheless, all three models capture the trend component of BTC-
USD quite accurately.

It is also important to perform a residual analysis in order to see if
their properties fit into the white noise assumption, such that
e~N'(0,1). Several statistical tests have been proposed in the
literature to verify this condition. One such test is the Box-Pierce test
[9]. Another improved version of this test is the Ljung-Box test [37].

The Ljung-Box test examines the hypotheses H, and H, for each
lag of the autocorrelation function of the residuals. H, assumes that
the residuals are independent and identically distributed (i.i.d), while
H, suggests that they are not i.i.d. To reject H,, the test statistic Q
must exceed the critical value X7, ., where a represents the
confidence level and df corresponds to the lag number.

The Augmented Dickey—Fuller test (ADF) is among the most
frequently employed tests for examining the existence of a unit root in
a time series [19]. A unit root represents a particular form of non-
stationarity, where the time series exhibits a persistent stochastic
trend. A time series with a unit root is referred to as being integrated
of order d, denoted as I(d), if it becomes stationary after undergoing
differencing d times. For instance, if a time series is 1(1), it signifies
that it is non-stationary, but its first difference is stationary. The ADF
test is based on the concept of assessing whether the coefficient of the
lagged level of the time series is equal to one in a regression equation.
The null hypothesis of the test posits that the time series possesses a
unit root, while the alternative hypothesis suggests stationarity.

In order to conduct the ADF test, it is necessary to select the
suitable configuration of the regression equation and the number of
lagged differences to incorporate. The choice of specification is
contingent upon whether one anticipates the time series to possess a
constant mean, a linear trend, or neither. The determination of the
number of lags can be accomplished by employing information
criteria, such as the Akaike Information Criterion (AIC) or the
Bayesian Information Criterion (BIC), which strike a balance between
model fit and complexity. In our case, we use constant mean in
regression model and AIC for the ADF test.
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Upon conducting the ADF test, we obtain a test statistic and a
corresponding p-values for each model. The test statistic is then
compared to critical values at various significance levels, typically
1%, 5%, and 10%. If the test statistic is more negative than the
critical value, it is possible to reject the null hypothesis and infer that
the time series exhibits stationarity. On the other hand, if the test
statistic is less negative than the critical value, it is not possible to
reject the null hypothesis, thereby suggesting the presence of a unit
root in the time series. Also p-value is compared to the critical value
a = 0.05. Therefore, if the p-value will be less than the level a, we
can conclude that our residuals are stationary.

In Figs. 6-8 are presented the following illustrations for all built
models: model residuals together with the moving average and stan-
dard deviation calculated in a window of 12 values; autocorrelation
and partial autocorrelation function; Q-Q plot; histogram of model
residuals. Below each figure are tables with statistics for each test.

Residuals analysis for Song model

10000¢
o
0 100 200 300 400 500
(a)
1 Autqcorrelatilon 1 Partial Autocorrelation
oHlutalebenlvpenlteesalneleet 0 Tlaleteele ot Yoo 1. o
15 10 20 1% 10 20
(b} (c)
E QQ Plot Histogram
.Ea T T "’... - F T T T
@ 10000} 1 2
3 T
35
2 o o |
E i : : “ 0
& -2 0 2 0 5000 10000
(d} (e)

Fig. 6. Analysis of prediction residuals by Song model:
residuals &, moving average u, and standard deviation ¢ (a), autocorrelation
functions (b) and (c), Q-Q plot (d), and residuals histogram (e)
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As the results of calculations show, Song model is not optimal
enough to make forecasts on the BTC-USD market. Firstly, visually
the residuals are shifted (see Fig. 6.a), that is, above zero, although
ideally they should be at zero most of the time. Based on the
autocorrelation graphs (Figs. 6.b, 6.c), we can say that the residuals
contain information of a systematic nature that was not taken into
account by the model. The Q-Q graph shows (see Fig. 6.d) that we
have a large outlier in the right tail. According to the histogram of the
residuals at Fig. 6.e, the offset from zero is more demonstrative.

The test results presented in Tables 4 and 5 should also not be
reassuring.

Table 4
RESULTS OF AUGMENTED DICKEY-FULLER TEST FOR SONG MODEL
Statistic characteristics Value
Test Statistic -2.15
p-value 0.23
Critical Value (1%) —3.44
Critical Value (5%) —2.87
Critical Value (10%) —2.57
Table 5
LJUNG-BOX TEST FOR SONG MODEL RESIDUALS
Lag Test Statistic p-value
1 13.38 2.54-107*
2 32.00 1.13-1077
3 41.47 5.20-107°
4 71.99 8.61-1071%°
5 87.15 2.66-10717

According to the values obtained in accordance with the ADF test,
it is clear that our residuals are not stationary, since the p-value in this
case is greater than 0.05. The Ljung-Box test conducted for the first 5
lags shows that the p-values are less than 0.05. This suggests that
there is a significant autocorrelation in the residuals of the model.

We perform the same analysis of the residuals for the Chen model.
Graphical illustrations are presented in Fig. 7.
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Rgsiduals analysis for Qhen mode!
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Fig. 7. Analysis of prediction residuals by Chen model:
residuals &, moving average u, and standard deviation o (a), autocorrelation
functions (b) and (c), Q-Q plot (d), and residuals histogram (e)

Based on the dynamics of the residuals in Chen model in Fig. 7.a,
it can be seen that although they have outliers, they are not as biased
as those in Song model. Minor outliers are observed in ordinary and
partial autocorrelation, however, they are mostly at zero for the
selected 30 lags (see Figs. 7.b, 7.c). The Q-Q graph in Fig. 7.d shows
that our forecasts have outliers that we do not take into account well.
However, for most values, our model does well. The histogram of the
residuals is much better concentrated in the zero area when compared
with the previous results (see Figs. 6.e, 7.e). And it can be seen that it
is much more similar to a normal Gaussian distribution.

Now let us look at the results in Tables 6 and 7 according to the
ADF and Ljung-Box tests.
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Table 6
RESULTS OF AUGMENTED DICKEY-FULLER TEST FOR CHEN MODEL
Statistic characteristics Value
Test statistic —5.61
p-value 0.000001
Critical Value (1%) —3.44
Critical Value (5%) —2.87
Critical Value (10%) —2.57
Table 7
LJUNG-BOX TEST FOR CHEN MODEL RESIDUALS
Lag Test Statistic p-value
1 0.96 0.33
2 1.40 0.49
3 3.35 0.34
4 8.18 0.09
5 9.21 0.10

The results of the ADF test show that the p-value is less than 0.05,
which indicates that our residuals are stationary. The Ljung-Box test
for the first five lags of the autocorrelation function indicates towards
the null hypothesis. That is, the residuals are independent and
identically distributed.

It remains to analyze the residuals in the Yu model. The results of
modeling are presented in Fig. 8.

Similarly to the results in Chen model, Yu model residuals are less
biased compared to those observed in Song model. Although minor
outliers are present in the standard and partial autocorrelation plots,
they are predominantly centered around zero across the selected 30
lags, as can be seen in Figs. 8.b and 8.c. The Q-Q graph in Fig. 8.d
indicates that our forecasts exhibit outliers that are not adequately
accounted for. Nevertheless, our model performs satisfactorily for the
majority of values. Furthermore, the histogram of the residuals at
Fig. 8.e demonstrates a significant concentration around zero,
surpassing the previous results. Additionally, it exhibits a closer
resemblance to a normal Gaussian distribution.
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Residuals qnalysis forl Yu model
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Fig. 8. Analysis of prediction residuals by Yu model:
residuals &, moving average u, and standard deviation o (a), autocorrelation
functions (b) and (c), Q-Q plot (d), and residuals histogram (e)

Next, let us present quantitative estimates of the forecasting results
in Tables 8 and 9.

Table 8
RESULTS OF AUGMENTED DICKEY-FULLER TEST FOR YU MODEL
Statistic characteristics Value
Test statistic —16.16
p-value 4.45-107%°
Critical Value (1%) —3.44
Critical Value (5%) —2.87
Critical Value (10%) —2.57
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Table 9
LJUNG-BOX TEST FOR YU MODEL RESIDUALS
Lag Test statistic p-value
1 0.28 0.60
2 0.55 0.76
3 0.97 0.81
4 4.73 0.32
5 4.82 0.44

The outcomes of the ADF test reveal a p-value below 0.05 (as can
be seen in Table 8), indicating that our residuals are stationary.
Similarly, the Ljung-Box test conducted on the initial five lags of the
autocorrelation function supports the null hypothesis, suggesting that
the residuals maintain independence and identical distribution.

After forecasting and residuals analysis, different forecasting
metrics were obtained for testing the described models. Here we
present the following metrics:

e Mean Absolute Error (MAE), which is calculated as mean of
absolute deviations of predictions y(t) from true values y(t):

1 N
MAE = NZIy(t) -9, 22)

where N is a number of the test sample elements.
e Root Mean Squared Error (RMSE):

1 o 2
RMSE = NZ(y(t) ~5®)". (23)

e Coefficient of determination (R?):

L0 -9®)° (24)
OO -2

where y is the average of Y on the test sample.

R?=1
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e Accuracy:

100 |y
Accuracy = 100 — N Z
t=1

®) -y@l

y(t)

(25)

Tables 10-12 show values of the accuracy metrics according to

(22)-(25).
Table 10
FORECASTING METRICS FOR SONG MODEL
Mean Absolute Error 4020.13
Root Mean Squared Error 4738.78
Coefficient of determination 0.84
Accuracy 89.78 %
Table 11
FORECASTING METRICS FOR CHEN MODEL
Mean Absolute Error 711.92
Root Mean Squared Error 1259.81
Coefficient of determination 0.99
Accuracy 98.14 %
Table 12
FORECASTING METRICS FOR YU MODEL
Mean Absolute Error 1027.96
Root Mean Squared Error 1509.55
Coefficient of determination 0.98
Accuracy 97.32 %

Considering the estimates of all metrics on the mentioned tables,
and relying on the analysis of the residuals, we can say that the Chen
and Yu models seem more suitable for the task of forecasting the
cryptocurrency market. For example, the average forecast error on the
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test set for the Chen model is $712, and for the Yu model it is about
$1028. As can be seen for the Song model, the mean absolute error is
large, although the coefficient of determination and accuracy appear
to be quite high. Nevertheless, remembering the testing of residuals, it
cannot be said that Song model is sufficiently reliable. According to
the coefficient of determination and accuracy of the last two models,
one can think about the sufficiently high prospects of their further use
for building trading strategies.

Next, let’s try to look at the accuracy of the forecasts of the
presented models for each year. Here we will focus on the absolute
percentage error (APE). The box diagram should show us how close
our forecasts are on average to real values, and how large our errors
are. The APE metric is calculated as follows:

100 5 ly(®) = 9®)1

APE =
N & y(@®

(26)

Figs. 9-11 present APE calculated for the forecasts of each model
and within each year of testing set.

APE within each year for Song quel
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Fig. 9. Box plots of APE within each year of BTC-USD test set
obtained from Song model
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APE within each year for Chen quel
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Fig. 10. Box plots of APE within each year of BTC-USD test set
obtained from Chen model
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Considering the box diagrams of the absolute percentage errors of
the studied models within one year, it can be seen that the forecasts
for Chen and Yu models are more accurate. For Song model, the
absolute percentage error is around 10-15%, but for the last two
models it remains around zero. All of the presented models are
characterized by significant outliers, which are close to almost 30%.
For the Chen and Yu models, the median value of APE is close to
zero. Therefore, these models are not perfect, and even in their
forecasts there are significant errors due to their specification.

Conclusions

In recent times, Fuzzy Time Series methods have emerged as an
increasingly prominent area of research that has garnered growing
interest. These FTS forecasting approaches yield models that are
driven by data and do not rely on explicit parameters, making them
appealing due to their simplicity, adaptability, forecasting precision,
and computational efficiency. Additionally, FTS methods offer the
advantage of generating interpretable representations of time series
patterns, enabling the transfer, auditability, reusability, and
upgradability of knowledge derived from these models. In the context
of this study, we specifically investigate various Fuzzy Time Series
methods as applied to the BTC-USD market. Among these variants,
our research focuses on time-invariant rule-based FTS techniques.
Specifically, we examined the conventional First-Order Fuzzy Time
Series (Song and Chen) models and the Weighted First-Order Fuzzy
Time Series (Yu) model. We rigorously assess and compare the
accuracy of these methods, revealing an equivalence in their
predictive performance.

Furthermore, in this study, we aim to expand the understanding
and application of FTS methods in the realm of cryptocurrency
forecasting. By delving into the intricacies of First-Order FTS and
Weighted First-Order FTS, we uncover valuable insights into their
strengths, limitations, and potential areas for their improvement.
Through comprehensive experimental evaluations and rigorous
statistical analyses, we shed light on the capabilities of these FTS
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models in capturing the dynamic and volatile nature of the Bitcoin
market. By elucidating the comparative accuracy and computational
efficiency of these models, we contributed to the existing body of
knowledge and offered practical recommendations for researchers and
practitioners seeking reliable forecasting methodologies in the
cryptocurrency domain.

In the future, it would be interesting to consider multivariate fuzzy
time series models along with some indicators-precursors based on
complex systems theory, and machine (deep) learning methods.
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